Week 9

Q15: This exercise is more difficult. For all sets A and B, prove (AUB)NANB = (A—B)U
(B — A) by showing that each side of the equation is a subset of the other.

Proof that LHS € RHS : (et X € [HS be orbitrary . Then , x & Aus
ond X & ANB.

Case [ XéA-T{NV’, & B becuse L&EANB. Since

xe A-8 < RHG, xe RRS.

Cose 2: xeR, Then, x& A becanse x4 ANB. Siace

x& B—A C RHS,  xeRHS.
In both coseS, x&RHS holds. Therefore, [HS < RHS.

Proof that RHS < LHS . let xe RHS be Gebitrary. Then | efther

xe A-B or xeB-A.
Cose [+ *e A-B . Then, XEA and X% B . Thus, X& AV
ond K¢ AOB. This ws that K& (AUB) N "Ang = LHS.
Case 2: AEB-A. Then, x&B ond x& A THr, xe A UB
and  X& ANE . Ths chows +hot  xe CAUB) 0 "Ang = LHS.

I both cases , xe LHS holds. Therefore, RHS & LWS.

We conclude that LHS = RHS.



Q16: The symmetric difference of A and B, denoted by AAB, is the set containing those
elements in either A or B, but not in both A and B.

1. Prove that (AAB)AB = A by showing that each side of the equation is a subset
of the other.

Notice that AAR=(AUB)N AN = (A-B)U(B-A).
Proof that LHS S RHS: (et xe LHS be Arbitrary. Then
x& (AaB)aB = (AaB)-B) U (B-(AaRY).
Cose [» XE(AAB)-B. Then, x e AaB S AURB ond %x& B.
Hence, we get x & A.
Cose 2: K& B- (haB). We will +ry +o simplify B-(AaB)

B-(A4R) = BN par (alt, rep. of "=")
= B 0 ABUlE-4 (bY the definttion of “a®)
=B 0N Ap N B-A (De Morgan )
=BNAQE N BNA Catt. rep. of )
= n(a uB)] N(BUA) (e Morgan)
=BNn(BUA) ( absocption)
=@ag) v lBnA) (distributivity)
= ¢ U (BOA)
= BNA .

Cince B—(AAB) :B('\P(, wWe 3817 x€20A. Hence , xehA.
In both cases, A& A holds. Therefore, LHS S RHS.



Proof that RHS S LHS: (et X € RHS= A be arbitrary. Then, eitier
Xx€R or ¥é&B.
Cose [+ X€B. Then, X£ ANB = B-(AaB) € LHS. Thus,
%€ LHS.
Case 2. x& B. Then, X & A-B & AAR. Since Xe AdB
amd X &B , we 0et xe (AAR)- B S LHS and +Hins xe [HS
TIn both cages, %&LHS holds. Theefoe , RHS € LS.

We conclude -that /[LHS = RHS.



Q16: The symmetric difference of A and B, denoted by AAB, is the set containing those
elements in either A or B, but not in both A and B.

2. Prove that (AAB)AB = A using a membership table.

A B A-B B-A A4R (AAR)-B B—(A4B) LHS

0 V) 0 0 0 0 0 0
0 | o) | ( 0 0 0
| 0 | 0 I | 0 |
[ l 0 0 0 0 1 ‘

Ciace +he columns CorreéFoV\o\Pnj the two sides of the I\d&v\'tHr e
identical , the ;oleth«/ holds |

Al-terna‘{r}ve\T, from Columns |, 2, § of +he W\ew\bershi\p table above ,
AaR = ‘%Xr (xe A) ¥oR (XeBﬁ, where XoR refers o
"exclueive OR'. V\Ginj +he 0\$Soc?a¢(vﬁ7 of the “yor" operator , we
Can Gt the osfociativity of Hhe "A™ operstor over sets . Specifically,

(AAR)AD = 2x: ((xen) xoR (xeB)) Xor (XERI3
= 2% s (xeA) %or ((xeR) xor (xeP)] = AA(BAB).
Consequently (AdRY4a B = Aa(B4B)
=AA ¢
= A



Relotions
A=31,2,2% | B=34¢,4,13.
Reloction a5 asetr: R S AxB . For all xeA, 4£B8, xRY© () ER

eq. R=40L4), (Le), (2.46), VY. Thea [R4 =T,
>R =T, 2RH=F, |R] =F,

Relotion 05 a wmodrix - repedant glements of A oS rows, vepresent

elements o-F B s columns. Each evrl‘r7 s TRUR Hf +he correcPonol:nj
elomeats ore  veladed .

e9. _4&‘47
T T F F
sF F TF
3lF B OF T

Relatfon @5 & directed qroph 1 vepresent elementc of A ad B oac
\Vertices . XRU &2 Hee is an edﬁe -(:rbvv\ X o 9.
e.9. A B

O—®
\
@ )
@sg




Loverse : Uxe A . YyeR, xRy <« 51{',(

-
M@Qr_&p@t}u - R € BxA, YxeA VyeB, *Y)e R & (40 ERT

eg. R=4L4), Le), (2.4), (.3,
R":{M.f),(c,l), (6,2), 1,23,

From o mottrix PerS‘Fed‘.vtt +he matrix Corr€9[7°nz!&\j + R is the transpose

o{1 HE  matrix CorresFond.‘tﬁ +» R,

e.9. 4 T & 7 Iy 3
T T FF +\T F F
RTlFFTF,R~\:§TFF
3lF F F T (|F T F
TLF F T

Ferom = Sral;\n perspective reversing the dire ction o]c all edﬁes
in +he amr\/\ corrfs“;ouo\\vj +o R results in  the 3.~a},\,| C,orrBSPomiu\mj

£t R
e.q. A B

R giﬁ@@) - Gyiﬂ@



Q2: Consider the sets A = {2,3,4}, B = {2,6,8} and the relation (z,y) € R & z|y.
Compute the matrix of the inverse relation R~1.

xBY & x divides Y
YR < xRy & Y is diusble by x.
Heace , R describes the  "divtdes" relation

and R‘\ describes the "i¢ divisible b7/" relation .

2 b B

The wotrix of R 75 - 21T T T
2 F T F

e FOT

The  wmedrix o-{: R-\ s the ‘L'mnsPose U-F the matrix O‘F R :

2 3 4
2] T F F
T T F
gl T F T

thet s ,  the -(;Irs“lt row o—{: R becomes +he -Fh’ﬁ’ Column o‘F R—\ ,
the Second row o{: R becomes the second column of- R_\,
the third row o{ R becomes +he third Column o‘f‘ R_(,



Cowpociti R is a relotion from A +o B S ic o relation

from B to C. S°oR s a relation -fmm A +to C.

UxeA,¥zeC, x(S°R)z <> IyeB, xRY A YSz
From =& set perspective

SeR = 4w 2)e AxC: IYER, (x,4)ER, (4,2)eS].

Fr‘oW\ G SMFP\ [)ercFec'ﬁve_ :

For ever7f pair (%, 2)EAx L, x(SeR)2Z if ond onl7r if
there 'S o Fa‘l’['\ —{:rnm/\ b S to = ('H\r‘ol/«ﬂl'\ an element i B)
e.q. A B

C

7 (c)
H——) ©)
o, 06

C( 1S reachobly ‘[:rowx Q, :'> Q, (Se R)C, = T
£y, s reachable \Crblm &y, =) a, (S°R)c, = B
<3

(s NOT vreachable from o, =) Gy (S-p)Ca=TF



Compogt‘HoV\ Trom o walrix  perspective
Q4: This exercise is about composing relations.

1. Consider the sets A = {aj,a2}, B = {b1,b2}, C = {c1, 2,3} with the following
relations R from A to B, and S from B to C:

R= {(ah b1)7 (a17 b2)}7 S — {(bla cl), (b25 61)7 (bh C3), (b27 02)}-
What is the matrix of S o R?

2. In general, what is the matrix of S o R? b. b,
The moatrix r,{—‘ R - M}Z: &) T T
o, |FF
_C Cy ¢y
The matrix of S - Mg = b, | T S
b, | T T  FJ
The watrix of SeR s the wotrix product of Mp oud Mg,
where pt+ g (addition) is  refoced by pv g Cdisjunction),

Pl Cmultipicatin) rs  replaced by p A9, Leonjunction).
by b2 Cv G Gy
Mp - Mg = &|T T[], b T F 7
6, | b, | T T

c, C, (’,5
= & TaDuTaT)  [Tamv(TaT) TaDv(ia))
A2 |FATIVEAT)  (FARVIEAT) (FaDV(FAD)

C| C; C/%
_ oafT T T]
6LF T ¥



Note that foe two  real

M, = Lt’ m& |
F’a_\ P’-‘L

f\\%ﬁ Rz‘ill

N\ | : N\ > = P'J-\IL\\'(' F:.thl\

In %Qhero\l, the 6vvh“7 o‘F M- My on the
(EL Fik%kj) -

3-4’/‘/\ Colump (s 8‘1\A0\l +o

mptrices N\l

N\ 2 = [q/ll

2|
F\\q/n_"' Pl)ﬁn,&
?2_1(1,;_‘\' Poa ‘T,n_

Wf\d N\z .

9, %,} |

(il‘)_ c’,).g
Pudist mn]
leq,@ t ?uﬂ,w%

o\

[-th vow

Tr7r to Compare the Proo\uc{— o*F reol matrices and the product

of  boolean matrice¢ ond  convine Yowsself that the matrix of

0 COW\FosI-te relabion s the Proolud' of +he moitrices of the

“ndividua |

celations.



(Will be discussed next week)

From now on, we censider relotions {from o set A o itself.

Qeﬂex:u:g <R is reflexive & VYxeh, xRx . (uncoditional)
Sigwxmetr% R is er\m{'n‘c = Vxep, V‘OEA XR3—>5Rx

Amr_ssfmc_g( R is avrl'w\/ume't'ﬂc & VreA, V:’eA XRY A YR« —>%x=Y.
Teansitiuity : R is trmnsitive & YxeA,VyeA, Vzeh, xRyayR2 —>xRa2.

Fv‘oM n o Set Pempedive :

Re\ctexiu‘\‘h{  UxeA, Gx)eER,

87Mmr7 s UxeA, Wyeh, (x9eR <> (Y, x)ER
= Uxena HFyeA ,((%.j)ep A (vj,ﬂela)v(b"*ﬁ)¢2 A (3.»«><ik).
-—  — ) — 1

both ore fhalmdﬂd neither s nclwded

An+is7mnfh~/: Uxeh, Yyea, (x%‘j)%"(m*j)ek I (jm)&R)
= Vxeh, Yyen  (HY) > KDER V kR,

ot most one can be included

Trmngihvr%\[: UxeA . VYyehA, Yze A, . Y)ER A 1y,2) € R = i2)eRr,

Cnot very insightful -.. )



Trom @ watrix perepective

IZe\Clex}uI-k\/: dfﬂgnm\ entries are TRUE . O{"‘:—O\Ta?’ov\a\ pnatries can

be TRUE o FALSE (dowt water ).
Q, k2 0y Qg
e.9. 0. T T F 7T
a, B0, T F F
6, ¥ T T T
o, T T T T

g\,lwvmd:rf + entries Rbove the d?ajoml and  their “mircor reflections "

below +he d?aﬁona\ need to be the same (buth TRUE  or bath

FALSE ), (Afoﬁou\oj entrieS can Yo TRUE or FALSE (don't motter) .
a\ al 0(3 0\+

€.9. O\Ig@ @ ©
a, @/@ ® O—D ¥ ®—™B

e NOT allowed
In other words , the watrix (s Symmetric (i.e. equal to its

transpose ).



Av\Jcis\/w\meJcry: entries ‘above the o\.‘oﬂoml and  theie “wmirror reflections
below the diagonal camnot both be TRUE (con be TRUE - FALSE,
FALSE—TR(AE, or FALSE—FALSE), O\x‘o\aono\\ entries can be TRUE

or FALSE (don't motter).
Q, Q. Q3 0

e.3. A T/®®®‘| O—D &4 ®&®—@ %
0, (D %@/@ E—® ove alowed

@)@ D—) is NOT alowed
Oy @_® D

T(‘O\V\ﬂ‘b?\ri-b\/l Tonot very Pnsigetful wsing the metrix perspective.



From o 3r&Ph FercPec‘HUQ-‘
lZe\C\ex‘.uchy 2 every element has o self-[oop.

e.9. t

g\/wxmetr\[: &v@.rr edae s bidirec-i:iono\l unaless Mt s o %(f—(oor.

e-9.
D)

0

An+i§\/wumc-tr7~, there is NO  bidirectional edge_
8-3.

G0

Transiﬁvi+7: not very fr\s.‘g\/rkfm\ Ms:‘nj the 3rcP\A perspective .



