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Proof that LHS c- RHS : let ✗ C- LHS be arbitrary .
Then

,
✗ c- AUB

and ✗ ¢ An B.

Case 1 : ✗ c- A. Then
,
✗ ¢-13 because ✗ d- An B. Since

✗ C- A - B C- RHS
,

✗ c- RHS
.

Case 2 : ✗ c- B. Then
,
✗ 4- A because ✗ 4- An B . Since

✗ c- B- A ERHS , ✗ c- RHS .

In both cases
,
✗ c- RHS holds

. Therefore , LHS C- RHS
.

Proof that RHS C- LHS : let ✗ c- RHS be arbitrary .

Then
,
either

✗ c- A - B or ✗ C- B- A.

Case 1 : ✗ c- A - B
.
Then

,
✗ c- A and ✗& B. Thus

,
✗ c- AUB

and ✗ ¢ An B .
This shows that ✗ c- (AUB ) nTt = LHS .

Case 2 : ✗ C- B- A
.

Then
, ✗ C- B and ✗ & A .

Thus
,
✗ c- A UB

and ✗ ¢ An B. This shows that ✗ c- (AUB ) n Ttb = LHS
.

In both cases , ✗ c- LHS holds
. Therefore , 121-15 C- LHS

.

We conclude that LHS = RHS
.



Notice that AOB = (AUB) NATB = (A-B) UCB - A) .

Proof that LHS C- RHS : let ✗ c- LHS be arbitrary .

Then
,

✗ C- (AO B) 013 = ((AUB) - B) U ( B- ( AOBD
.

Case 1 : ✗ C- (AUB ) - B .

Then
,
✗ c- AOBEAUB and ✗ & B .

Hence
, we get ✗ c- A.

Case 2 : ✗ c- B- ( AaB) . We will try to simplify B- ( AaB) :

B- ( AOB) = B n ATB ( alt . rep . of
"
-

" )

= B n €ÉBA) ( by the definition of "o " )

= B n FB n TFA ( De Morgan )

= B n Anis n BnA= ( alt . rep . of "
-

" )

=[Bn( A- UB )] n ( B- VA ) ( De Morgan )

= Bn (B- VA ) ( absorption )

= (BRB ) u ( Bn A) ( distributivity )
= of U ( 13nA )

= 13nA
.

Since B- ( AUB) = 13nA
,
we get ✗ EBNA .

Hence
,
✗ C-A.

In both cases ,
✗ c- A holds

. Therefore ,
LHS C- RHS

.



Proof that RHS C- LHS : let ✗ c- RHS = A be arbitrary . Then , either

✗ C- B or ✗ 4- B.

Case 1 : ✗ c- B. Then
,
✗ c- An B = B- LAO B) C- LHS

.

Thus
,

✗ C- LHS
.

Case 2 : ✗ 4- B .
Then

,
✗ c- A - B C- AOB

.
Since ✗ c- AOB

and ✗ ¢13 ,
we get ✗ C- (AUB) - B C- LHS and thus ✗ c- LHS

.

In both cases , ✗ c- LHS holds
. Therefore ,

RHS C- LHS
.

We conclude that LHS = RHS .



A B A- B B- A AOB (AUB) - B B-(AUB) LHS

0 O O O O O O O

O I O l l 0 0 0

I 0 I 0 1 I o l

l 1 O O O O l l

since the columns corresponding the two sides of the identity are

identical ,
the identity holds .

Alternatively , from columns 1
,
2

,
5 of the membership table above ,

ADB = { ✗ : (✗ c- A) ✗ OR HEB)}
,
where ✗OR refers to

"
exclusive OR

"

. Using the associativity of the
"

✗ OR
"

operator ,
we

can get the associativity of the
"
o
"

operator over sets . Specifically ,

(AO B)O B = { ✗ : ( (✗ c- A) ✗OR (✗ c- B )) ✗OR HEB )}

= { ✗ :(✗ c- A) ✗OR ( (✗ c-B) ✗ OR HEB))} = AOCBO B) .

Consequently , LAO B) 013 = Aol BOB )
= As 0

= A
.



Relations

A = 41,2
, 3}

,
13=14,5 , 6,7 }

.

R-elationasa-etn.RS A ✗ B .
For all ✗ EA , y c- B , ✗ Ry ⇐ lay) ER

.

e. g. R = { ( 1. 4)
,
4. 5) , ( 2. 6) ,

13.71}
.

Then
,
1124 IT,

2126=-1
,
3126 = F

,
I 127 = F.

Relationasamatr : represent elements of A as rows
, represent

elements of B as columns
.

Each entry is TRUE iff the corresponding
elements are related

.

e. g. 4 5 6 7

I

/
T T F

F)2 F F T F

3 F F F

TRelationasadirecledgraph-i.ve
present elements of A and B as

vertices .
✗ Ry ← there is an edge from ✗ to y .

e. g. A B

①→④

②↳⑤

③→⑥
→⑦



inverse : V-xc-A.lt ye B ,
✗ Ry ← y RI

From a set perspective : R-lc-BXA.lt/c-A.V-yc-B.Cx.y)ER-ly,x)C-R-1
.

e. g. R = { ( 1,4 )
,
II. 5) , ( 2. 6) ,

13,71}
,

R
"
= { 14,11 ,

15,1 ) ,
16 , 2) , ( 7,3 )}

.

From a matrix perspective : the matrix corresponding to R
"
is the transpose

of the matrix corresponding to R
.

e. g. 4 5 6 7 I 2 3

I

/
T T F

F)2 F F T F : 5 T F Fr :

.

" :| : : :| .

3 F F F T
-

6 F T F

From a graph perspective : reversing the direction of all edges
in the graph corresponding to R results in the graph corresponding
to R

"

.

e. g. A B A B

①→④ ① ④

R : ②→⑤ ② ⑤
R
"
:

③→⑥ ⑥③

⑦→⑦



✗ Ry ⇒ ✗ divides y

y R
-'
✗ ⇐> ✗ Ry ⇒ y is divisible by × .

Hence
,
R describes the

"

divides
"

relation
,

and R
"
describes the ' '

is divisible by
" relation

.

-

2 6 8

The matrix of R is :
2 T T T

)3) F T F

4 F F T
-

The matrix of R
"
is the transpose of the matrix of R =

-

2 3 4

2/-1
F Ff6 T T F

8 T F T
,

that is
,
the first row of R becomes the first column of R

"

,

the second row of R becomes the second column of Rt ,

the third row of R becomes the third column of R
"

.



Composition : R is a relation from A to B
,

S is a relation

from B to C
.

So R is a relation from A to C
.

b- ✗ c- A
,
V-z.EC , ✗ ( 5012)z ← 7- YEB ,

✗ Ry A ysz .

From a set perspective :

5012=44.2-7 C- Axc : 7- YEB ,
IX. g) ER , D.2) ES} .

From a graph perspective :

For every pair
LX , Z ) C- A- ✗ C

,
✗ ( 5012)z if and only if

there is a path from ✗ to 2- ( through an element in B)

e. g. A B C

④→②€
⑨
→⑤→④

Ci is reachable from a
, ⇒ a ,

( so R )c ,
= T

ca is reachable from a
, ⇒ a , ( so R ) Cz = T

Cz is NOT reachable from az ⇒ as (50/2) ↳ = F



Composition from a matrix perspective :

-

bi bz

The matrix of R : MR = ai T T )
.a.

( F F

-

C 1
C2 C3

The matrix of S : Ms = b ,
T F T )

b.
/ T T F-

.

The matrix of 5012 is the matrix product of MR and Ms
,

where : ptq ( addition ) is replaced by pvq (disjunction) ,

P . 9 (multiplication ) is replaced by pxq (conjunction) .
b , bz

-

Ci Cz Cz

tMr .ms = " (TT ) . !:|? ¥ e.Gz F F
-

C
,

C
2 C3

= 91 T) VITA -1) (Ta F) VITA -1) (TMT) ✓ (TNF) )
Az (FAT)v€xT) (FAF) VLF AT) (FATIVIF a F)

-

C , C2 C- 3

at T T )=

a. [ ¥ =\ Ft
.



Note that for two real matrices M ,
and Mz :

-

MI = [Pic Plz } ,
Mz = ( 911 912 913 ) ,

Pz, Pzz ! 921 922 923
-

1911 -1132921 Pifhz -1172922 Pii 913-1172923 )
M

,
• Mz = Pzihu -1132921 Pzi 9,2+132%2 Pai 913 1- Paz 9231 .

In general , the entry of M
,
- Mz on the i - th row and

j- th column is equal to ( Eg , Pik9kj ) .

Try to compare the product of real matrices and the product

of boolean matrices and convince yourself that the matrix of

a composite relation is the product of the matrices of the

individual relations
.



(Will be discussed next week )

From now on
,
we consider relations from a set A to itself .

Reflexivity : R is reflexive ←→ V- ✗ C- A , ✗ Rx .

( unconditional )

symmetry : R is symmetric ⇐ V- ✗ C-A. V-yEA ,
✗ Ry → yR× .

Antisymmetrf : R is antisymmetric⇐> V-XEA.ltYEA ,
✗Ryn yRx→×=y .

Transitivity : R is transitive ⇒ V-xc-A.V-yc-A.V-z-c-A.xRyxy.kz → ✗Rz
.

From a set perspective :

Reflexivity : V- ✗ C- A
, IX. × ) ER .

Symmetry :

V-xc-A.V-yc-A.H.yjc-R-ly.ME/2---V-xc-A.V-yc-A.l*.--RnEvL&R4R) .

both are included neither is included

Antisymmetry :V-xc-A.V-yc-A.fi/--Y)-7(cxiy)ERxly.x1C-R)---Vxc-A,V-yc-Ai(x--g) → (✗,y)¢RVly,×1¢R_
at most one can be included

Transitivity : V-XEA.lt YEA ,
YZEA

,

IX. g) C- RA ly , E) ER → Hit)ER .

( not very insightful - - - )



From a matrix perspective :

Reflexivity : diagonal entries are TRUE . Off - diagonal entries can

be TRUE or FALSE ( don't matter )
.

A
,

Az Az 94

e. g. a , ⑦ T F T

az F TO F F

a } F T TO T

act T T T ⑦

Symmetry : entries above the diagonal and their "
mirror reflections

"

below the diagonal need to be the same ( both TRUE or both

FALSE )
, diagonal entries can be TRUE or FALSE ( don't matter) .

A , Az Az 94

e.g. a
, T ⑤ ⑦ ⑦

a. ⑤| ⑤-0T & ④-④

a } TO ⑦ are allowed

at 01--1=0 & 10=-1-0

are NOT allowed

In other words
,
the matrix is symmetric ( i.e . equal to its

transpose ) .



Anti symmetry : entries above the diagonal and their "
mirror reflections

"

below the diagonal cannot both be TRUE ( can be TRUE - FALSE
,

FALSE - TRUE
,
or FALSE - FALSE ) , diagonal entries can be TRUE

or FALSE I don't matter) .

A
,

Az A 3 94
e. 9 . ai T ⑦ ⑦ ⑤ ⑦-0T & -0T &

az ⑤| ④-④ are allowed

as ⑦ ⑦ TO-0T is NOT allowed

a. 0⑦É
.

Transitivity : not very insightful using the matrix perspective .



From a graph perspective :

Reflexivity : every element has a self - loop .

e.g.
④→20.3

11
€0

Symmetry : every edge is bidirectional unless it is a self - loop .

e.g.

①If

④#

Antisymmetry : there is NO bidirectional edge .

e. g.

④→②

1
30<-40
①

Transitivity : not very insightful using the graph perspective .


