Week 3
Reca‘;

Cets anm redicates
Given a  domain D :
— each predicote  Pr) with o varisble w D correspondls  +o
0 set : A={x: Poo=T}
Exomple s D=2, Px)= "X mod 2= 0" Then, A=4--4,2,0,2,4,.]
ie. A is the set of euen wumbers.
— each set AcC D corresponds Lo a  predicote
Pix)y = x€A.
Exomple s D=Z , A={- =82, 1,4, 7,00 -3
Then , Pox)="% wd 2 =|",

This ”duo\U‘l‘T\( Gives vise to motons in ser dhgory .
A

ACB = VYx, (xeA)—(xeBb)

A=B

I

¥ x, (xeA) e (xeh)
= VUx, (xeA) —‘3(?‘%‘3» /\((X&B)——D eh))
=(A<BR)A(BCA)

AUB = 4x: (XEA) V(XEB)} Union
AONB = 2x: (XEA)A (XER) intersection



A = X ke M Complement
A;B = AQR = 0 KEMAxeRY  set differnce
(ANB)

@ ¥x, xe® = F empty get
Further notions in set theary

C,O\ro(TnaLH-\/ ‘A\ is  the number of elewents n A
Power set Se Py iff Sc A

Cortesion Pﬁv&uc{: (a.b) € AXB = (a€A)A (beB)

e.9. R x R IRZ) 's the Fwo - dimensiona | plane

Co\ro\.‘naLH-;/ Lormulag  (reloted o Combinatorics)
|Ave|l = [AL+ 18] —]ANnB]
|AuBuc] = [AlX B+ lcl - JAne| -|ANC| - [BNC]
+ |ANB A ]
[P(A)] = 2™ = 2 (%)

J=o

[AxB| = (Al- Bl




Provtnﬂ Set identities
Method | - 5|Aouuu‘v\3 A=B b7 fiest chowing A< B ond
then S‘howm‘nj Bc A (-E\/yu‘cally nsed in theoretical  wath)
Step | Proving ¥x , (xeA) > xeB).
Step 2 - proving W, (xeR)— (xeh).
You will often need +o perform case—\o7—ca§e analys."s_

Method > aFP\f\Vﬁ set Tdew{H-]’ thearems
Cow\Ple{-el«/ MMODWS +o Prov?v\j Log.‘ca\ eiuivaler\ce usinj
logical €quivalence laws . Ta fact, every set idestity [aw
e Lectwre exce[ﬂr A—B = A ne (i one is
b7 definition ) 15 o direct tronslation of a loS\cal

eDLu\I valence law .

Method 3 - membership  table (recommended for exams)
(’OW‘FM"—\‘/ aralogows to proving logical equivalonce using a
truthy table. The tdea s to (et p=(xeA) , 4= &B),
r=(xel),



Q6: Let P(C) denote the power set of C. Prove that for two sets A and B

P(A) C P(B) < AC B.

Prof of “&": acsume Hhat ASB. Let SEPWL) be
arbitrary. Then, SSASB oand 4hus S <. This
means +hat géP(E)_ﬂf’J‘@‘For&, PCAD) € P(B). We have
proved +hat  ACB = FP(A) S P,

Proof  of "= aSsume that  P(A) € P(B). Suce ASA
we Jet A€ PCA) € PB) and thus A€ P(B). This means

that A S B We have Prove,o\ that PA) <Pp) = ASR,

Therefore, we conclude that PLA) C P(B) <=> A < B



Q9: Prove that for the sets A, B, C, D
WQ(AUC)X(BUD).

Does the equality hold? ~ ZHS RHS
Let (%.4) € LHS be arb.‘ery, Then, either (X,4) EAXB
or (XY) €CxD.

Cage [: (W) EAxB. In His case, xe A and YebB.

§ubseqmen+l7, xe AVC , Ye BuD, ond thus

Y)e (AU ) x (BuD).

Ca;e 22 (AYW)eCxD. Tn +his case , xe C and 5(,.1)_

Smbgetiuav&l?/, X e AvC , nE;BUD, and thus
K& AV x (BY D).

Lu both cages, (X.Y)€ RHS . Therefore, LHS < RHS

The gt{up\[(-v does act hold | a5 demonstrated b7 e ‘Follo\/\)fnj
Counder exon Fle .
Let A=B= 303, c=D= N3}, Then,
LHS = (0. )5 U A = 0,00, (1, 1)71,
RHS = 30, 3% 30,1% = Jt0,0), (o,1), oy, CUDY.
LKS # RHS.



Q11: How many subsets of {1,...,n} are there with an even number of elements? Justify

your answer.

The number of  cubsets of A06--,0% s (Pl =

£ n ;s eodd: for every Sail-n} with (S| ewn

S =23L--,m} -5 Sotisfies S €4\ -3 and (S = n-(s|,
which weans (S| 15 odd Cstace n s odd). This Analysis
shows tHhat euev~/ subset of 3,.-,n3 with on ewen nwmber of
e lements Corresponds o exoctly one Subset of 2L wn} with on
0dd number of elements, e, the number of subsets of 4),---,n)
with on even wumbee of elewents ond the number of subsets of

4|,~--,v\} wih an odd  nunber 0~F elements cre  the sane on b
" -
+[ne7 are  poth €0wal to = "

Exavale : when n=3,

euen odd
qﬁ — 12,3}

{23 3%
J1,3Y Y

333 44
This  also -Follows '{Lrom +he ‘Fﬁ\CT ‘Hr\od' Yosken, (Q)Z(V\n"k)

2, (D=2, 00 - &0

osken
Kk (s even k (5 ewen 3 s OADl

(n— ) is
0dd



TE n is even: 0 Set Sl o} with (S| even edther
Cortaing 0 , or dees ngt Comtoin N .
Cose [: neS . Tu this cose, in oder 4o build such an S,
one fiest chooges T € 3, -, M=% with T\ odd, and then
let S = T udnd. Since n\ is odd, +thewe ove 27 wors
to choose  Such o T, gnd Hws there ove 2" woys o
burld an S so«+‘:sﬁ.‘vﬂ Sc il %, [S] is even, znd neS

Case 2 - nég CTa s case, n order o build Sueh an S,
one  clhooses S c ‘U."',V\-l} w it l§\ WA . Sinee  n-\

s odd, +here Owe > ey +o do 4o,

- -0 -
Ta totsl | thew ore ST o 5™ such  Qubsetg

A(*erno\+?vel7, Since the number of Swbsets of Ahe-sn} wH—h k elements

(beken) g U(D, our Som\ s to Cav«FwLa ;:ki,ce l<>

We know that : o
-2 0 - [ )

ué_)'-r\ )
K 35 even jise dd

= (- lj n'—k"\ )( 2 ~[°§k;e':¢n }- sz“:fu (")‘j .
lee, e (k)=

Kk 15 even



Q12: Prove the following set equality:
{7a+9 | a,beZ} =7Z.

It is clear +hat ey element  Tn itat9blabezd s an
Ir\Jreaer. Thus, LHS £ RHS. It remaing t+o show Fhat

RKS < LHS.

Let ne& ZE be orbitrory Since T-(=5)+ 94 = -3r+3b =],
7-8n)+ 9-én) =n. Theefre, nedlatibla bez)
We hove proved 4hat RHS < LHS and we  conclude
thot  LHS = RRS.



Q14: For all sets A, B, C, prove that

(A-B)—(B—-C)=AUB.

using set identities.

[HS = (A-B)-(B-C)
= AnB)N B-C
= (ANB) N BNEC

(alfemative eepresentation of get Aiffecence.)

(alemative vepresentstion of  set difference)
= (A Q_B)ﬂ (EUC‘) (De N\Or‘jan)

= QA(\ Eﬂg) U (A r\E n C) (d;g{-ﬁ\pwﬁvﬁy)

— LA(\@) U ((A NEDNC) (_[d-QMFo‘H’X\Ce)

= Ao0w C 0\‘>§or‘>ﬁoﬂ>

- A- V) B (D(’. N\or\jon)
= RHQ




Additional exercise
Q3: How many positive integers less than 1000

1. are divisible by7?

2. are divisible by 7 but not by 117

3. are divisible by both 7 and 117

4. are divisible by either 7 or 117

5. are divisible by exactly one of 7 and 117
6

. are divisible by neither 7 nor 117
let U=4kez: [¢ke9993% . For every men, let
Sm=4kez : 1¢ksNY, Kk is dinsble by my
Observe that )§Ml = l_%(z_‘ (L‘l is  the floor Lunction)
lo1Se = 1B = e
2. Notice that A-B = A-(A&nB) , amd  ANB C A. Thethre,
lA-e[=\A-GaaB)| = [A]|-lAnB]|.
1S7=Sul = [Se] = 1Sy 080l = 157 = ISl = 4~ ||
= 142 - 12 = 30,
301G nSu| = 6] =12,
4. 1690Sh | = (Sa[+ 1Syl = [67a8,| = (42t ?%m’\l
= 142t+90-12 = 220,
S 1Su=%1]= lsu| = ISuasy| = [Sy]-Isnl =90 -12=13.
I(Sv—gu)uﬁgn—%)\ = [S9-Sul+ 1Su=¢a] = 130+ 78 = 2.8,
Sce (§9-Su) N (Su=5+)=,
LU= (57050 = [ul=16305, | = 919 - 220 =771,



Add; +Hoaol Cka(\enﬂes

QUESTION 3. (15 marks)

How many numbers in the range [1812,2020] (inclusive of both 1812 and 2020) are integer multiples
of exactly one of the two factors 4 and 5? Justify your answer.

let S,= {kez : (B12<ke2020, [k is dvisible bT m §
‘Fer m EIN .
Our joa\ (s o Compute
G4 =S U(Ss-Sa))
= (S =Sl + 1S =S 1 (Since (Se=Ss) N (55-Sa) = &)
= lgdf’(% ﬂgs)\ + lgs-“(gdrﬂgsﬂ
= [Sal = [Sanl + 1Ss] = 1S5

= LS|+ 18] - 2155

|§4\ :L}_@j - I_I’SH

§M: TM - RW\ where

Tin= k62 = (2200, ks diisible byn)

Lzm.oj \:ﬂj Rw = qKEZ s 1€k 81|, k s divisible by ]

Warnfnj l \ '7‘: 2030 ,S/”“

E E;J B e R MY

= (L.

Aoswers £2+42 -2 (] = 73,



Aac=A-HUl-h) Bac=(B-Oucc-8)
Prove, for any sets A, B, and C, if AAC = BAC then A = B.

A"Z}? rOP\C!A
N\em\oelrship tale % truth twble

A B Cc AAC Bac (pac=Ra) (A=r)

0 o o 0 0 T l
0 ) [ 1 [ T T
o (0 0 | F T
o 1 | 0 F F
[ o 0 | 0 F T
( 0 | 0 | T T
I G | | T V]
l | l 0 T T
This doble shews that AAcC = BaAcC iff A=B,

AEQroach 2
?m{ b7r Covﬂ‘ml?osf‘('flle,, g“f?"% A#B . 'ﬁnfom, Hhere exists  x such
that erther X EA ond X&B, or XEB and Y&A Sine the
roles of A and B ore Sywmetric, we assume. without™ [oss of
gevxemh‘v Hat XEA and X & B,



Cote [+ XEC . Then, XEANC and X & AaC
But x€& C-B & Bac Thus we have found
%e RBac omd X & AaC,

Cose > & C. Then, XxeA-C £ AacC. Guee
XER, &, we et % & Ral Thas, we have

fund x & AAC amd Xé&BaC.
Tn both coses, we con conclude Hhat AAC F BaC.

Thws b7 ?r‘oo“: \77 Corttrapositine | if Aac= Bac,
fhen A=B.

Approach 2

"A" con be FV\JrchreJreA os “exclusie OR" (KOR), i.e.
SAT = J‘xt (xeS ) xor (xe_\")}, Some Cousequonces
1) SaT =¢ & g=7,
2) Sa¢ =5, Sas=¢;

B) A 15 associative, je. (RasS)AT = Ral(saT).

AAC=BAC & PaO)A(RaA) =
& pacacab =§
L AA(cald)ak=¢
o (Aaglpr =9

> AR =9

Solution

> A=B



