
Week 8

Recap
setsandpred.cat#
Given a domain D:

- each predicate Pc . ) with a variable in D corresponds to

a set : A = { ✗ : Pix)=T}
.

Example : D= E. Pix )
"

✗ mod 2=0
"

.

Then
,
A =L - - -

, -4 ,
-2,0

, 2,4,
- .
.}

i. e .
A is the set of even numbers

.

- each set A C- D corresponds to a predicate :

Pix ) = ✗ C- A.

Example = D= 2- ,
A =/ - - . .

-5
,

-2
,
1. 4. 7,10 ,

- - - }
.

Then , Pix ) =
"
✗ mod 3=1

"

.

This
"

duality
"

gives rise to

noti-nsin-ettheory.AE/3---V-
✗

,
(✗ c- A) → (✗ c- B)

A = B = V- ✗
, ( ✗ c-A)⇐ (✗ c-B)

= V-x.fi/-c- A) → (✗ c- B))A¢×t B)→ HEAD
=(A C- B) A ( B C- A)

AUB = { ✗ :(✗ c- A) ✓ ( ✗ c-B) } Union

An B = { ✗ :(✗ c- A) a (✗ c- B)} intersection



A- = { ✗ : TCXEA )} complement
A - B = An B- = 2x :(✗ c- A) A ' HEB )} set difference
*

(A \ B)

0 V- ✗
,
✗ c- 0 = F empty set

T-urthernotionsinsettheorycardino.li
ty IAI is the number of elements in A

Power set SEPIA) iff SEA

Cartesian product (a. b) C- AXB = ( a c- A) ✗ ( beB)

e.g.IR ✗ 1121=1122 ) is the two - dimensional plane

cardinalityformulas-crelate.cl to combinatorics )

/ A UBI = I Al t 1131 - KAN BI

1A U B UCI = IAI -11131+14 - IANBI - l Anc I - I Bncl

+ 1 An B n CI

IPC A) 1 = 21^-1 = ¥+2:("¥ )
1 A ✗ BI = IAI • 1131



Provingsetidentities
Method 1 : showing A = B by first showing A C- B and

then showing Be A ( typically used in theoretical math )

step 1 : proving V- ✗
,
☒ c- A) → (✗ c- B)

.

Step 2 : proving ltx
,
(✗ C- B)→ (✗ c- A)

.

You will often need to perform case-by-case analysis .

Method 2 : applying set identity theorems

completely analogous to proving logical equivalence using

logical equivalence laws .
In fact , every set identity law

in the lecture except A - B = A NB ( this one is

by definition ) is a direct translation of a logical

equivalence law .

Method 3 : membership table ( recommended for exams )

completely analogous to proving logical equivalence using a

truth table .
The idea is to let p=(✗ c- A) , 9=-4 c-B) ,

r = ( ✗ C- C)
,

- - .



Proof of
" ⇐ "

: assume that AEB .

Let SEPCA ) be

arbitrary .

Then
,
SEA EB and thus SEB

.

This

means that SEPCB )
. Therefore ,

PCA ) C- PCB )
.

We have

proved that AEB ⇒ PCA ) C- PCB)
.

Proof of
"⇒

"
: assume that PCA ) C- PCB ) .

Since AEA
,

we get AEPCA ) C- PIB) and thus AEPCB ) .

This means

that AEB
.
We have proved that I> (A) c- Pc B) ⇒ AEB

.

Therefore , we conclude that PCA )E PCB) <⇒ A c- B.



IF
-

RHS

Let a. g) C- LHS be arbitrary .

Then
,
either IX. g) C- A- ✗ B

or LX , y ) C- (✗ D.

Case 1 : IX. g) C-Ax B. In this case
,
✗ c- A and y c- B .

Subsequently , ✗ C- AUC
, y c- BUD .

and thus

IX. Y ) C- (AU C) ✗ ( BV D) .

Case 2 : ( × , g) c- CXD .
In this case ,

✗ c- C and y c- D .

Subsequently , ✗ c- AUC , y c- BUD ,
and thus

(✗ , y ) C- (AU C) ✗ ( B U D)
.

In both cases ,
4. 9) C- RHS . Therefore , LHS C- RHS

.

The equality does not hold
,
as demonstrated by the following

counterexample .

Let A = B = to}
,

C = D= 21 }
.

Then
,

LHS = { ( o , o )} U till , it} = { cool , 11,11}
,

RHS = do , I } ✗ { 0 , I } = { 10,01
,
Lo , 1) , Cho ) , ( 1,11 } .

LHS =/ RHS .



The number of subsets of 41 , - - - in} is 11741 , . . - in} )1=2
"

.

If n is odd : for every 5 c- 21 , - -
-

, n} with 1st even
,

5=41 .
. .
- in } - S satisfies 5 c- 11 . . - - in} and 151 = n - 1st

,

which means 151 is odd ( since n is odd )
.
This analysis

shows that every subset of 11 , . . . ,n } with an even number of

elements corresponds to exactly one subset of 4 .
.
- in} with an

odd number of elements , i.e .

the number of subsets of 41 , - - - in}

with an even number of elements and the number of subsets of

hi , - - - in} with an odd number of elements are the same
,
and

they are both equal to ¥ = 2
" "

.

Example : when n =3 ,

even odd

- 31.2.3}

{ 1,2 }-23}

4,3}-42 }

32,3}-41}

This also follows from the fact that to ← Ken
,
(1) = (Hk)

.

I (1) = 2- (
n

a-Ken
n - K) = I ( Y ) .

OEKEN
OEJ En

k is even K is even T j is odd
4- K) is
odd



If n is even : a set sell . . - in} with 1st even either

contains n , or does not contain n
.

Case 1 : NES
.

In this case
, in order to build such an S

,

one first chooses 1- c- 31 , - -
-

,
n - I} with ITI odd

,
and then

let s = Tv Ln }
.
Since n- l is odd

,
there are 2^-2

ways

to choose such a T
,
and thus there are 2

""

ways to

build an S satisfying s c- 41 . . - in}
,
151 is even

,
and nes

.

Case 2 : nets
.
In this case ,

in order to build such an 5
,

one chooses S C- { I . . - - in - I } with 1st even .

Since n- l

is odd
,
there are 2

""

ways to do so .

In total
,
there are 2^-2+2^-2=2^-1 such subsets

.

Alternatively ,
since the number of subsets of 41 . - - - in} with K elements

( o a- Ken ) is (%)
,
our goal is to compute o¥±n (F) .

K is even

We know that :

I = (1+1)"=¥zn (F) =[¥→n (1)] + FEENY;)] ,K is even j is odd

0--4-15=5%1111-15--1 en.nl:D - FEE :D I:))
.

Thus
,
IE.nl?1=I-=zn-!
K is even



It is clear that every element in 47A -1961 a. BEZ } is an

integer .

Thus
,
LHS C- RHS

.
It remains to show that

RHS C- LHS
.

Let n c- Z be arbitrary . Since 7. C- 5) 1- 9-4=-35+36--1
,

7- 1- 5h ) -1 9- 14ns = n . Therefore ,
n c- { 7at9b I a. bez }

.

We have proved that RHS C- LHS and we conclude

that LHS = RHS
.



LHS = (A-B)-(B#
= (AnB)nB (alternative representation of set difference )

= (AnB)nBn ( alternative representation of set difference )

= (AnB)n(B ( De Morgan )

= (AnB-nB_)nBnc) ( distributivity )
= (AnB)U((ArÉ) ( idempotence )

= Ants ( absorption )

= A- U B ( De Morgan )
= RHS



Additional exercise

Let U = {KEZ : 1<-122-999 }
.
For every man ,

let

5m = { KEZ : 12-1<=999
,
K is divisible by m } .

Observe that 15m I = 19¥) ( ti ) is the floor function)

1. IS > I = 19%1 = 142 .

2. Notice that A - B = A - (ANB) ,
and An B C- A. Therefore

,

I A- 131=1 A - CAN B) / = LAI - LAN BI
.

IS > - Si , I = IS > I - IS , ns , , I = IS > I - IS > > 1--142-19%-1
= 142 - 12=130

.

3. IS > A Snl = IS , > 1=12 .

4. IS > US , , I = IS > I -115,11 - Is , ns , , / = 1421-4%-1-12
= 1421-90 - 12 = 220

.

5. IS , ,
-5> / = Is , , l - l Suns > 1=1911-18,1--90 -12=78 .

1$ , - Sulu ( Sn - S> ) / = IS > - Si , It 1511-571--1301-78=208 .

f-

since (S , -5, , )n(Sn -5)=P .

6. / U - (S> Usn) / =/ Ul - Is > US , , 1=999-220--779 .



Additional Challenges

Let Sm= { KEZ : 1812 ⇐ K a- 2020
,
K is divisible by m}

for MEIN .

Our goal is to compute :

Ilsa -5s ) Ulss -5411
= 154 - Ssl -115s - Sal ( since 4¢ -5s ) n Css - Sa ) = 0 )

=/ Sa - fans,-11 + Iss -15¢ nssll
= 1541 -

lsz.lt/Ss-l-lSzoI--lSal-lSs-1-2lSzoI.lSal--LTY-J-Liq-fSm-- Tm - Rm where

Tm = { KEZ = IEKE 2020
,
K is divisible by m}

,= 53
,

/ Ss / = (2%-0) - [1%1]
Rm = } KEE : 1--1<=1811 , K is divisible by m}

= 42 . Warning : 15m / =/ 1202021811-1
/ Sool = 4¥) - [¥) e.g. (0%-1^1-1)=52--1 1541

= 11 .

Answer : 531-42-2-11=73
.



\

Aoc = (A- C) UCC- A)
,

Bbc -413 - C) UCC - B)

Approachl_

Membership table & truth table

A B C Adc Boc (Aoc = Boc) (A-- B)

O O O O O T T

o o l l l T T

0 I 0 0 I FTO
I 1 I 0 F F

I 0 0 1 O F F

I 0 I 0 1 F F

l l 0 I 1 T T

I 1 I o o T T

This table shows that Aoc = Boc iff A = B.

Appiah-2

Proof by contrapositive . Suppose A -1-13 .

Then
,
there exists ✗ such

that either ✗ c-A and ✗ ¢13
,
or ✗EB and ✗ &A

.

Since the

roles of A and B are symmetric , we assume without loss of

generality that ✗ EA and ✗ & B .



Case 1 : ✗ c- C
.

Then
,
✗ c- Anc and ✗ ¢ Aoc

.

But ✗ C- C - B C- BOC
.

Thus
,
we have found

✗ C- Boc and ✗ & Aoc
.

Case 2-
.

✗ Etc
.

Then
, ✗ c- A - C E Aoc

.

Since

✗ 4- B. ✗ Etc
,
we get ✗ & Boc .

Thus
, we have

found ✗ C- Aoc and ✗ 4- Boc
.

In both cases
,
we can conclude that Aoc =/ BOE

.

Thus
, by proof by contrapositive , if Aoc = Boc ,

then A=B
.

Approached
"
o
"

can be interpreted as " exclusive OR
"

( XOR ) , i. e.

SOT = { ✗ :(✗ c-5) ✗OR (✗ c-T )} .

Some consequences :

(1) So -1=01 ⇒ 5=-1 ;

(2) So ¢ = S
, Sss = 01 ;

(3) 8 is associative
,
i. e. (Ros )☐T = ROLSOT )

.

Solution : Aoc -_ Boc <⇒ (Aoc)o( Boc) = of
⇐ AsCoco 13=0
⇐ Aocco c)013=0
⇐ (Aod )oB =P
⇐ AoB=0 ⇐ A __ B.


